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Abstract 

We give a classification of generic bifurcations of intersections of wavefronts gener- 
ated by different points of a hypersurface with or without boundaries. 



1 Introduction 



In [TT] we investigated the theory of reticular Legendrian unfoldings which describes bifur- 
cations of wavefronts on a hypersurface germ with a boundary, a corner, or an r-corner in a 
smooth manifold and studied the stabilities and a generic classification of such bifurcations. 

In this paper we give a semi-local classification of bifurcations of wavefronts generated 
by a hypersurface with an r-corner. The wavefronts generated around several points on the 
initial hypersurface intersect. For example we consider the below figures in which the initial 
wavefront with a boundary in a plane and wavefronts generated by the initial wavefront 
and the boundary to normal directions are described respectively. The generated wavefronts 




Figure 1: The initial wavefront with a boundary and generated wavefronts ( e = 0, 
ti<t2< h) 

bifurcate and typical shapes of bifurcations occur. The ^(°Ai°A2), ^(^Ai^Ai), and ^(°y4i°52) 
fronts are intersections of fronts generated by different points of the initial wavefront. The 
purpose of this paper is the classification of such generic bifurcations of intersections of 
wavefronts. 

As the bifurcation theory of wavefronts are described by reticular Legendrian unfoldings, 
we shall introduce the notion of multi-reticular Legendrian unfoldings in order to describe 
the theory of generic bifurcations of intersections of wavefronts generated by different points 
of a hypersurface with an r-corner. 
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The main result of this paper is a classification of generic bifurcations of intersections of 
wavefronts generated by a hypersurface without boundary or with boundaries in a manifold 
with dimension 2 and 3. The classification list of generating families of generic multi-reticular 
Legendrian unfoldings are given before Theorem I5.6[ We also draw all figures of such bifur- 
cations at the last of this paper. 

This paper consists of four sections. In section [2] we investigate the theory of map germs 
with respect to the reticular t-{V -JC) (^m) -^Quivalence relation which plays important roles as 
generating families of multi-reticular Legendrian unfoldings. In section [3l we review the 
theory of reticular Legendrian unfoldings which is developed in [TT]. In section H] we intro- 
duce the notion of multi-reticular Legendrian unfoldings and investigate their equivalence 
relation, generating families, and stabilities. In section |5] we reduce our investigation to 
finitely dimensional jet spaces and give a generic classification of multi-reticular Legendrian 
unfoldings. 

2 Stabilities of unfoldings 

In this section we investigate the theory of map germs with respect to the reticular t-{V- 
JC)(m)-^Quivalence relation which is proved by almost parallel methods of [lOj . 

We denote by £{r; ki,r; the set of all germs at of smooth maps IF x M'^i 
IF X R''^ and set OJl(r; fci, r; ^2) = {/ e f (r; r; ^2) |/(0) = 0}. We denote £{r;ki,k2) for 
S{r; ki, 0; ^2) and denote 93T(r; ki, ^2) for 93T(r; ki, 0; ^2). 

If A;2 = 1 we write simply S{r; k) for S{r; k, 1) and 9Jt(r; k) for 97t(r; k, 1). Then S{r; k) 
is an R-algebra in the usual way and 9Jl(r; k) is its unique maximal ideal. We also denote 
by S{k) for £^(0; k) and Tl{k) for 3Jt(0; k). We remark that £{r; k,p) is an £{r; /c)-module 
generated by p-elements.. 

We denote by J\r + k,p) the set of /-jets at of germs in S{r] k,p). There are natural 
projections: 

ni : S{r- k,p) —^j\r + k,p), -k^ : f'{r + k,p)-^ f'{r + k,p) {k > h). 

We write ff^O) for ni^f) for each / G £{r; k,p). 

Let {x,y) = (xi, ■ ■ ■ ,Xr,yi,--- ,yk) be a fixed coordinate system of (H'" x ]R^,0). We 
denote by B{r; k) the group of diffeomorphism germs (H'" x M.^, 0) — > {IF x M'^, 0) of the 
form: 

(f){x,y) = ?/),■■■ ,Xr(j)[{x,y),(j)l{x,y),--- ,(t)\{x,y)). 

We denote by i3„(r; k + n) the group of diffeomorphism germs {W x R'^+", 0) {W x 
M'=+", 0) of the form: 

y, u) = y, m), ■ ■ ■ , Xr(j)\{x, y, u), 

(Plix, y,u),--- , (j)2{x, y, U), 03(m), . . . , 03 (m)). 

We denote (j){x,y,u) = {x(j)i{x,y,u), (f)2{x,y,u), (p^iu)), ^ = (|^, ■■■ , fj), and denote 
other notations analogously. 

Lemma 2.1 (cf. p!3l Corollary 1.8]) Let B be a suhmodule of S{r; k + n + m', m), Ai he a 
finitely generated S{m')-submodule of S{r; k + n + m' ,m) generated d- elements, and A2 be a 
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finitely generated S{n + m') suhmodule of S{r; k + n + m', m). Suppose 

S{r; k + n + m', m) = B + A2 + Ai + Tl{m')£{r] k + n + m', m) 

+9Jt(rz + my+^£:(r; k + n + m',m). 

Then 

S{r; k + n + m',m) = B + A2 + Ai, 
dyt{n + m'Y£{r] k + n + m',m) C B + A2 + DJl{m')£{r; k + n + m',m). 

We say that /o = ifo,i, ■ ■ ■ , fo,m){x,y), go = {90,1, ■ ■ ■ , 9o,m){x,y) e£{r;k+n) are reticular 
}C(^rn)- equivalent if there exist e Bn{r]k + n) and a unit G £{r;k + n) such that 
90,1 = oii ■ /o,i o $j for z = 1, . . . , m. We denote $ = ($1, . . . , a = {ai, . . . , am) and we 
call ($, a) a reticular /C(m)-isomorphism from / to g. We remark that fo and (/o are reticular 
/C(m)-equivalent if and only if i and (7o,j are reticular /C-equivalent for i = 1, . . . , m. 

Lemma 2.2 Let /o(x,y) G 9Jl(r;A;, m) anc? 2; = j'/o(0). Let O^y^(z) fee t/ie suhmanifold of 
J\r + /c, m) consist of the image by tti of the orbit under the reticular /C(m)-egmm/ence of 
fo. Putz = j^fo{0). Then 

X ■ ■ ■ X {{fo,m, ^^Ur;k) + 5m(r; k){^))). 

We say that a map germ /o = {fo,i, ■ ■ ■ , fo,m){x,y) G VJl{r;k,m) is reticular /C(m)-^- 
determined if all map germ in 9Jt(r; fc, m) which has the same /-jet of /o is reticular /C(m)- 
equivalent to /q. 

Lemma 2.3 (Cf., (TUl Lemma 2.3]) Let /q = (/o,i, • • • , fo,m)ix,y) G 07l(r; fc, m) anc? let 

OTi ay 

fori = 1, . . . , m. r/ien /o «s reticular lC(m) -I -determined. Conversely if fo{x, y) G OJl(r; fc, m) 
is reticular lC{rn) -I -determined, then 



m{T- kY^' C (/o,„ ^^)e(r;k) + Tlir; k){^) for t = 1, . . . ,m. 



We say that / = (/i, . . . , fm){x,y,u),g = {gi, . . .,gm){x,y,u) G £^(r; k + n,m) are retzc- 
n/ar {V-lC)(m)- equivalent if there exist $j G i3„(r; + n) of the form: 

?/, m) = ?/, t, m), 02(a;, m), 03(m)) 

and a unit a = (ai, . . . , am){x, y, u) G £{r-; k+n, m) such that gi = a;j-/jO$j for z = 1, . . . , m. 
We write $ = ($1, . . . , and call ($, a) a reticular ('P-/C)(m,) -isomorphism from / to g. 

We say that a map germ / = (/i, . . . , fm){x,y,u) G OK(r; k + n,m) is reticular ('P-/C)(m)- 
l-determined if all map germ in 9Jl(r; + ?T,,m) which has the same /-jet of / is reticular 
('P-/C)(m) -equivalent to /. 
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Lemma 2.4 Let f = {fi, . . . , fm){x,y,u) G £{r;k + n,m) and z = j'/(0). We write 
Ol-p.j^^^^^z) the submanifold of the image of the orbit of f under the reticular t-{V-fC)(rn) 
equivalence relation. Then 

X ■ ■ ■ X ((/^, a;^)^(,;,+„) + m{r- k + n){^)) + 

Lemma 2.5 (Cf., [101 Lemma 3.10]) Let f = (/i, . . . , fm){x, y, u) G £DT(r; k + n,m) and I be 
a non-negative integer. If 

m{r;k + n,my C {{fi,x^)£^r;k+n) + ^{r;k + n){^)) x ■■■ x 

{{fm, X^)eir;k+n) + Tl{r- k + n){^)) + {^) 

+dn{n)m{r;k + n,m)\ (1) 

then f is reticular {V-lC)i^m) -I -determined. 

In convenience, we denote an unfolding of a function germ /(x, u) G OJl(r; k + n, m) by 
F{x, y, t, u) G 9Jl(r; k + m' + n,m). 

Let F{x, y, t, u) G 9Jl(r; k+m'i+n^ m) and ?/, s, u) G 9Jt(r; fc+m2+n, m) be unfoldings 
of /(x, y, m) G 93T(r; k + n,m). 

A reticular t-{V -}C) (^rn)-f -i^orphism from F to G is a. pair ($, a), where $ = ($i, . . . , 
for $j G £DT(r; A; + m2 + ra, r; fc + m'^^ + n) and a = (ai, . . . , ctm) is a unit of £^(r; k + m'2 + n, m) 
satisfying the following conditions: 

(1) $j can be written in the form: 

^i{x,y,s,u) = s,M),02(a;,2/, s,m),03(s),04(s,m)), 

(2) '^'i|e''XlR'=+" = ^^H''XlR* + "? Q^j|][IrxK*: + n = 1, 

(3) Gi{x, y, s, u) = ai{x, y, s, u) ■ o ^^(x, y, s, u) for all (x, y, s, u) G (H^ x ^^=+^2+", o). 

If there exists a reticular t-(P-/C)(m)-/-morphism from F to G, we say that G is reticular 
t-{V -lOn^m)- f -induced from F. If nii = m2 and $ is invertible, we call ($, a) a reticular t-{V - 
}C)(^rn)-f -isomorphism from F to G and we say that F is reticular t-(P-/C)(m)-/-equivalent to 
G. 

We say that F{x,y,t,u),G{x,y,t,u) G S{r] k + m' + n,m) are reticular t-{V-IC)(m)- 
equivalent if there exist diffeomorphism germs 

: (H" X 0) ^ (H" X Mfc+'^'+", Q) (z = 1, . . . , m) 

of the form 

(^i{x,y,t,q,z) = {x(j)\{x,y,t,u),(j)2{x,y,t,u),(j)3{t),(j)4{t,u)) 

and a unit a = (ai, . . . , am) G S{r;k + m' + n, m) such that = ■ Fj o $j for i = 1, . . . ,m. 
We call a reticular t-{V-}C)(^m) -isomorphism from F to G. 
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We say that function germs Fq{xi, . . . , Xrj^,yi, ■ ■ ■ ,ykj^,t,q,z) G 9Jl (ri; ki + 1 + n+ 1) and 
Fi{xi, . . . ,Xr2,yi, ■ ' ' ) 2/fc2) ^) 5) -2) ^ 2Jt(r2; A;2 + 1 + n + 1) are stably reticular t-V -fC-equivalent 
if Fq and Fi are reticular i-T'-AI-equivalent after additions of linear forms of x of which all 
coefficients are not zero and non-degenerate quadratic forms in the variables y. 

We define the notion of stable reticular t-{V -IC) (^^ny equivalence in the same way as the 
stable reticular t-T'-ZC-equivalence. 

Definition 2.6 We define stabilities of unfoldings. Let F = {Fi, . . . , Fm){x,y,t,u) £ 
9Jt(r; k + m' + n,m) be an unfolding of / = (/i, . . . , fm){^, U, u) e OJt(r; k + n, m). 

We say that F is reticular t-{V-K,){jny stable if the following condition holds: For any 
neighbourhood [/ of in H'' x R'=+"^'+" and any representative F e C°°{U,W), there 
exists a neighbourhood Np of F in C°° -topology such that for any G G Np there ex- 
ist (0, y*, t", G f/ for i = l,...,m such that G = (Gi, . . . , Cm) and F are retic- 
ular t-('P-/C)(m)-equivalent where Gi G 9Jl(r; A; -|- m' -|- n) is defined by Gi{x,y,t,u) — 
G{x, y + y\t + t^,u + - (5(0, y, 

We say that F is a reticular t-{V-lC){rn)-versal unfolding of f if any unfolding of / is 
reticular i-(7^-/C)(^)-/-induced from F. 

We say that F is a reticular t-{V-}C)(^rn) -universal unfolding of f if m is minimal in retic- 
ular t-(P-/C)(m)-versal unfoldings of /. 

We say that F is reticular t-{V-]C)(rn)-i'>T'fi'>T'itesimally versal if 
t{r;k + n,m) = {fux—,—)s{r;k+n) x ••• x 



dfm df^ Of dF 



We say that F is reticular t-{V -KL) {ra)-infinitesimally stable if 
£{r;k + m +n,m)^ {Fi,x-^, -^)s{r-k+m'+n) x • • • x 

aF^ aF aF 

We say that F is reticular t-{V -IC) [rn)-homotopically stable if for any smooth path-germ 
(M, 0) — >• £(r; k + m' + n, m) , T ^ Ft- = {Fi^^., . . . , F^ with Fq = F, there exists a smooth 
path-germs (R, 0) ^ B(r; A; m' n) x £{r; k + m' + n),T t-^ ($^, a^.) with ($^, aj,) = (id, 1) 
and $5- has the form 

$;(a;,2/,t,M) = (a;0;'^(a;,|/,t,M),0;'2(a;,|/,t,M),0^(t),0^(t,M)) 

such that each ($^, a^) is a reticular i-T'-ZC-isomorphism and Fj^,- = a^-Fj^oo^^ for r G (R, 0) 
and i — 1, . . . ,m. 
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Let U he a neighbourhood of in x Rk+m'+n let F = . . . , F™) : U ^ R"" 
be a smooth map and / be a non-negative integer. We choose a neighbourhood U' of 
in such that {0,y\t,u) G t/ for any {y^, . . . ,y"',t,u) G U and i We define the 

smooth map germ 

j{F : U' — > J\r + k + n) 

as the follow: For (y^, . . . , y™, t,u) E U we set j[F{y^, . . . , y"^, t, u) by the Z-jet of the map 
germ {F^y.^^,^^, FJ^r^^t^u)) ^ ^(^'^ ^+^> ^) at 0, where F^y^^^^^^ is given by F^^, ^^^^(x', y', u') = 
F{x', y' + y\ t,u + u') - F^(0, y\ t, u) 

Let F{x, y, t, u) G OK(r; k+m' +n, m) be an unfolding of /(x, m) G 97l(r; fc + n, m). Let / 
be a non-negative integer and z = j'/(0). We say that F is reticular t-{V -IC) (m)-^-'t'''^o,nsversal 
if jjF at is transversal to 0,^-p_y^^^^ (2;) for a representative F G C°°{U, M™) of F. 

Lemma 2.7 (Cf., [TUl Lemma 3.4]) Let F{x, y, t, u) G OJl(r; A; + m' + n, m) be an unfolding 
of f{x,y,u) G Tl{r] k + n,m) . Then F is reticular t-{V -lC)(^m)-l-'t'rcLnsversal unfolding of f 
if and only if 

£{r;k + n,m) = {fi,x-^,-^)g(rik+n) x ■■■ x 
,r df^ dfm. , .df dF 

+Tl{r; k + nY^^S^r; k + n,m). 

Theorem 2.8 (Uniqueness of universal unfoldings)(Cf., [10, Theorem 3.13]) Let F{x,y,u, 
t), G{x,y,u,t) G 9Jl(r; k + n + m', m) he unfoldings of f E 07l(r; k + n,m). If F and G are 
reticular t-{V-IC)(^m)-universal, then F and G are reticular t-V-JC-f -equivalent. 

Theorem 2.9 (Cf., [TOl Theorem 3.14]) Let F{x,y,t,u) G DJl{r] k + m' + n,m) be an unfold- 
ing of f{x, y, u) G 9Jl(r; k -\- n,m) and let f is an unfolding of fo{x, y) G njt(r; k, m). Then 
following are equivalent. 

(1) There exists a non-negative number I such that /q is reticular K,(jnyl- determined and F 
is reticular t-(V-}C)(^rn)-l'-ti^o,nsversal for I' > Im + I + m' , 

(2) F is reticular t-(V-JC)(rn)-stable, 

(3) F IS reticular t-{V-lC)i^rn)-versal, 

(4) F is reticular t-{V-lC)i^m)-infinitesimally versal, 

(5) F IS reticular t-{V-]C)(^rn)-'infinitesimally stable, 

(6) F is reticular t-{V-lC)(rn)-homotopically stable. 

3 Reticular Legendrian unfoldings 

We review the theory of reticular Legendrian unfoldings. Let J^(]R", M) be the 1-jet bundle 
of functions in n-variables which may be considered as M^"'^^ with a natural coordinate 
system (g, z,p) = (gi, . . . , qn, z,pi, . . . ,Pn), where (gi, . . . , g„) is a coordinate system of M". 
We equip the contact structure on J^(M"',M) defined by the canonical 1-form 9 = dz — 
Y17=i'Pidqi- We have a natural projection vr : J^(M", M) — > x M by 7r(g, z,p) = (g, z). 
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We remark that: By the identification of the coordinate system . . . , and 
{qi, . . . ,qn, z) on a manifold, the dimension of a manifold on which wavefronts propagate 
is higher 1 than n. 

Wc also consider the 1-jet bundle J"^(M x M",]R) and the canonical 1-form © on that 
space. Let {t,qi, . . . , qn) be the canonical coordinate system on M x M" and 

(^,?l,---,?n,^,S,Pl,---,Pn) 

be the corresponding coordinate system on J^(M x IR.",M). Then the canonical 1-form is 
given by 

n 

Q = dz — Pidqi — sdt = 9 — sdt. 

i=l 

We define the natural projection U : Ji(MxM", M) (MxM") xM by n{t, q, z, s,p) = {t, q, z). 

Let tf = {{t,q,z,s,p) G J\m x M",M)|g, = pi^_^ ^ q^^^ = . . . = q^ = s = z ^ 
0,qi,-a > 0} for CT C = {1,2,- ■• ,r} and let L'' = {{t,q,z,s,p) G J^{R x M",M)|gij9i = 
• • • = qrPr = qr+1 = ' ' ' = Qn = ^ = ^ = ^, Qir > 0} be a representative as a germ of the 
union of L^'° for all a <Z Ir- 

We recall that Uj^ is a normahsation of the Legendrian submanifold consists of the parti- 
cles generated by the cr-corner of hypersurface germ y = {{ui, . . . ,M„,0) G (M""*"^, 0)|m7^ > 0} 
with an r-corner to conormal direction, where a-corner is defined by V H {u^f — 0} and u is 
a local coordinate system of a manifold in which wavefronts propagate. 

Definition 3.1 Let C : {J\R x R'^,M),0) (J^(R x M",R),w) ( U{w) = 0) be a contact 
diffeomorphism germ. We say that C is a V -contact diffeomorphism germ if C has the form: 

C{t, q, z, s,p) = (i, qt(q, z,p), Zt(q, z,p), h(t, q, z, s,p),pt(q, z,p)). (2) 

We say a map germ C : (L'',0) — >• (J"'^(M x M",M),w) (n(w) = 0) a reticular Legendrian 
unfolding if there exists a T'-contact diffeomorphism germ C such that C is the restriction 
of C to L'". 

We call {>C(L^'°)}(^c/^ the unfolded contact regular r- cubic configuration of L. 

In order to study perestroikas of wavefronts of reticular Legendrian unfoldings, we intro- 
duce the following equivalence relation. Let £j : (L'',0) (J-^(R x R",R),i(;j), {% = 0, 1) be 
reticular Legendrian unfoldings. Wc say that Ci and £2 are V -Legendrian equivalent if there 
exist a contact diffeomorphism germ 

K : (J^(R x R",R),'u;i) ^ (J^(R x R",R),'u;2) 

of the form 

K{t, q, z, s,p) = hit, q, z), hit, q, z), 

hit,q,z,s,p),(l)5it,q,z,s,p)) (3) 

and a reticular r- diffeomorphism ^ on ( J^(R x R", R), 0) such that K o jCi — £2°^, where 
a reticular r-diffeomorphism is defined by a contact diffeomorphism ^ on ( J^(R x R", R), 0) 
such that to^f depends only on t and ^ preserves L^'° for all a C Ir- 
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We can construct generating families of reticular Legendrian unfoldings. A function 

m T?(^ n, + ^\ ^ fmf^- ^ _L 1 _L ^ _L 1 r^cU^A T) _ rl an ^^r,+ c 'A ^(Q) = (O) = 
l(C\\ -J- n OTirl 

dz 



0,f (0)^0 and 



dF dF dF dF 



dxx dxr dyi dyu 

are independent on (tf x M'=+^+"+\0). 

Let £ be a reticular Legendrian unfolding. A P-C-non-degenerate function germ 
t, q, z) G OJt(r; /c + 1 + n + 1) is called a generating family of £ if F is a generating family of 
the unfolded contact regular r-cubic configuration that is 

dF dF dF dF 
C{Uf) = {{t, g, ^/(-^), ^/(-^)) e (J'i^ X 

^ dF dF 

x„ = F = = — = 0, > 0| 

dxi^_„ dy 

for all a G Ir- 



By [11] Theorem 0.8.5] we have that: 

Theorem 3.2 (1) For any reticular Legendrian unfolding C : (L^',0) —>■ {J^(R x ]R"',]R),w), 
there exists a function germ F{x, y, t, q, z) e 3Jl(r; k + l + n + 1) which is a generating family 
ofC. 

(2) For any V -C -non- degenerate function germ F{x, y, t, q, z) G 9Jt(r; k + l + n + 1) there 
exists a reticular Legendrian unfolding C : (L'',0) — > (J^(]R x R", ]R),w) of which F is a 
generating family. 

(3) Two reticular Legendrian unfolding are V -Legendrian equivalent if and only if their gen- 
erating families are stably reticular t-V-IC- equivalent. 



4 Multi-reticular Legendrian unfolding 

Let Ci : (L''%0) {J^{R x ]R",M),Wj)(2 = 1, . . . ,m) be reticular Legendrian unfoldings 
with n(wj) = where wi, . . . ,Wm are distinct. Then we call £ = . . . ,Cm) a multi- 
reticular Legendrian unfolding. 

Let . . . , Crn) and {C[, . . . , be multi-reticular Legendrian unfoldings. We say that 
they are reticular 'P(m) -Legendrian equivalent if there exist contact diffeomorphism germs 

K, : {J\R X R", R), Wi) -> {J\R x R", R), = 1, • • • , m) 

of the form 

Ki{t,q,z,s,p) = 

(01 02(i, g, z),(j)s{t, g, z), 04(t, g, z, s,p), (f)l{t, q, z, s,p)) 

and reticular Prrdiffeomorphisms \E'i on (L*"', 0) such that KiO d = C[o vl/j for i = 1, . . . , m. 

Let . . . ,Cm) be a multi-reticular Legendrian unfoldings and Fi G 07l(rj; hi + 1 + 
n + 1) be generating families of Ci. We call F = {Fi, . . . , Fm) a multi- generating family of 

(£l ) • • • 5 £r?i) • 
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We say that a map germs (Fi, . . . , Fm) G DJl{r; k + l+n+1) is V[m)-C -non- degenerate ii all 
are P-C-non-degenerate and (f^/(-f^), ^/(-^)), • • • , (l^/l-l^), l^/l-^)) 



are distinct. 

By Theorem 0.8.5 in [TT] we have that: 

Proposition 4.1 (1) For any multi-reticular Legendrian unfolding C, there exists a multi- 
generating family of C, 

(2) For any V(m)-C -non- degenerate map germs F = (Fi, . . . , Fm) {Fi G OK(ri; + l + n + 1)), 
there exists a multi-reticular Legendrian unfolding of which F is a multi- generating family, 

(3) Let F = {Fi,...,Fm) and F' = (F{,...,F^) be multi- generating families of multi- 
reticular Legendrian unfoldings . . . , Cm) and {C[, . . . , C'^) respectively. Then . . . , Cm) 
and {C[, . . . , C'^) are V(^m)- Legendrian equivalent if and only if F and F' are stably reticular 
t-{V-)C)(^m)-^Q'aivalent. 

Definition 4.2 We define stabilities of multi-reticular Legendrian unfoldings. Let C = 

. . . , Cm) be a multi-reticular Legendrian unfolding. 
Stability: We say that C is stable if the following condition holds: Let C°'* G CxiJ^i^ x 
M"',M),0) (z = 1, . . . , m) be P-contact embedding germs such that C°'*|L'-i = Ci and C°'* G 
CriUi, J^(R X R",]R)) be a representative of C°'\ Then there exist open neighbourhoods 
N^oa of 6*°'* in C°°-topology for z = 1, . . . , m such that for any C** G N^o,i, there exist points 
Xi = {T\ 0, . . . , 0, P^+i, • • • , Pn) G Ui such that the multi-reticular Legendrian unfolding 
. . . , and C are P(m)-Legendrian equivalent, where reticular Legendrian unfold- 
ings C'^^ are chosen that the reticular Legendrian unfolding C^li^n : (L^% Xj) (J^(]R x 
M", M), C*(xi)) and C'^. are P-Legendrian equivalent. We remark that the definition of sta- 
bility is not depend on choices of C'^^. 

Homotopical stability: We say that C is homotopically stable if for any reticular P-contact 
deformations C* = {C*} of £j, there exist one-parameter families of P-Legendrian equiva- 
lences = {Kl} on (Ji(M X M", M), w^) with = id of the form 

Kl{t,q,z,s,p) = 

{(Plit), (Plit, q, z), <f)l{t, q, z), 0{t, q, z, s,p), q, z, s,p)) (4) 

and a one-parameter deformation of reticular P^.-diffeomorphisms = {^I/^} such that 
CI = Kl o Cq o vl>^ for t around and i = 1, . . . , m. 

Infinitesimal stability: We say that C is infinitesimally stable if for any extension C* of 
Ci and any infinitesimal P-contact transformation Vi of C*, there exist infinitesimal reticular 
Pr^-diffeomorphisms and infinitesimal P-Legendrian equivalences r]i at Wi of the form 

d d d 

r]i{t, q, z, s,p) = fli + «2(i, q, z)-^ + a^^t, q, z) — 

such that Vi = Cl^i + r^j o for i = 1, . . . , m. 

We denote Ct{U, J1(R x M", M))(™) = Ct{U, J1(M x R", R)) x ■ ■ ■ x Ct{U, J1(R x M", M)) 
(m-products) and denote other notations analogously. We call an element C = (Ci, . . . , Cm) G 
Cr(J^(RxR",R),0)(™) aV(m)-contact dzffeomorphism germ if UoC{0) = and Ci(0), . . . , C„(0) 
are distinct. 
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Theorem 4.3 (Multi P-Contact transversality theorem) Let Qi, i = 1,2, . . . are sub- 
manifolds of J^(.e{U, J\R X W, Then the set 

T = {C = (Ci, ...,Cm)e C^{U, J^(R X R",R))("^)| 

/C is transversal to Qi for all i e N} 

is a residual set in C^{U, Ji(M x M",M))('") 

This is directly proved by P-Contact transversahty theorem ([?, Theorem 0.4.5]). 

We denote the ring £{1 + n + n,m) on the coordinates {t,q,p) by St,q,p{m) and denote 
other notations analogously. 

Theorem 4.4 Let C = . . . , Cm) be a multi-reticular Legendrian unfolding with a multi- 
generating family F = {F^, . . . , F^). Let C = (C^, . . . , C^) e C®(Ji(M x M", M), 0)(™) be an 
extension of C Then the following are equivalent. 
(u) F is a reticular t-{V-lC){ra) -stable unfolding of F\t=o- 
(hs) C is homotopically stable. 
(is) C is infinitesimally stable. 

(a) £t,q,pim) = Bl^x-- ■x5^'" + (l,pioC", . . . ,Pn°C')iJiocr£t,,,. + {s°C')£^, whereC = C\,=s=o, 
Bo' = {qiPi, . . . , qriPrn Q.ri+i-1 ■ ■ ■ -i Qn)£t,q,p) ^'^'^ (n o C')*^^^^^ ^ be the Sf^g^z'Submodule of £t^q^z{m) 
such that a.(fi, . . . ,fm) = (a{U o C[{fi)), ...,a{Uo C'^{fm)) for a e £t,q,„ (fi,...,fm) e 

We remark that sufficiently near multi-reticular Legendrian unfoldings of stable one are 
stable by the condition (a). 

5 Genericity 

In order to give a generic classification of multi-reticular Legendrian unfoldings, we reduce 
our investigation to a finitely dimensional jet space of P-contact diffeomorphism germs. 

Definition 5.1 Let C = {Ci, . . . , Cm) be a multi-reticular Legendrian unfolding. We say 
that C is /-determined if the following condition holds: For any extension Ci G Ct(J^(M x 
]R",M),0) of i2i, the multi-reticular Legendrian unfolding (C(|l'-i, . . . , C^Il"-™) and C are 
P(^)-Legendrian equivalent for all e Ct( J^(RxR", R), 0) satisfying that j'Ci(O) = i'C;(0) 
for i = 1, . . . , m. 

As Lemma ??, we may consider the following other definition of finitely determinacy of 
reticular Legendrian maps: 

(1) The definition given by replacing Ct{J\M. x R",R),0) to C®(Ji(R xR",R),0). 

(2) The definition given by replacing Cy(Ji(R x R",R),0) to cf{J\R x R^\R),0). 

(3) The definition given by replacing Ct(J\'^ x R^\R),0) to C®'^(Ji(R xR",R),0). 
Then the following holds by Proposition 0.5.2 in [?]: 

Proposition 5.2 Let C be a multi-reticular Legendrian unfolding. Then 

(A) If C is l-determined of the original definition, then C is l-determined of the definition 

(1)- 
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(B) If C is l-determined of the definition (1), then C is l-determined of the definition (3). 

(C) If C is (/ + l)-determined of the definition (3), then C is l-determined of the definition 
(2). 

(D) IfC is l-determined of the definition (2), then C is l-determined of the original definition. 

Theorem 5.3 Let L = {Ci,...,Crn) be a multi reticular Legendrian unfolding. If C ts 
infinitesimally stable then C is {n-\- 5) -determined. 

Let J'(2n + 3,2n + 3)(™) be the set of muhi-/-jets of map germs from ( Ji(R x M", M), 0) to 
J^(R X M", M) and tC\n, m) be the Lie group in J\2n + 3, 2n + 3)*^™) consists of muhi-/-jets 
of P-contact embedding germs. Let L\2n + 3)("^) be the Lie group consists of muhi-Z-jets of 
diffeomorphism germs on (J^(M x M", R), 0). 

Wc consider the Lie subgroup rtLe {n,m) of L^(2n + 3)("') X L\2n + 3) consists of muhi- 
/-jets of reticular P^r^iiff^o^o^phi^™^ source space and /-jets of P-Legendrian equiv- 

alences of n at 0: 

rtLe^n, m) 

= {(/*i(0), . . . , j'^„(0),yK(0)) e L\2n + 3)("^) x L\2n + 3) | 

is a reticular P^rdiffeomorphism on (J^(M x M"',R),0), 
X is a 7^- Legendrian equivalence of H}. 

The group rtLe^{n,m) acts on J'(2n -|- 3, 2n -|- 3) and tC^{n,m) is invariant under this 
action. Let C = (Ci, . . . , C^) be a P(,„)-contact diffeomorphism germ from ( J^(RxM"^, M), 0) 
to J\R X R", R) and set = j'Q(O), = C = . . . , ^ = (^i, . . . , ). We 

denote the orbit rtLe'' (n, m) ■ z hy [z] . Then 

[z] = {fC'{0) e tC\n, m) \ C and (C^ l^n , . . . , C'Ji^rm) 

are 7'(^)-Legendrian equivalent}. 

We denote by Vic the vector space consists of infinitesimal P(j„)-contact transformation 
germs of C and denote by VIq the subspace of Vic consists of germs which vanish on 
0. We denote by 1^I/ji(rxR",r) by the vector space consists of infinitesimal T'-Legendrian 
equivalences on IT and denote by ^-^ji(]kxM" R) subspace of V^ivji(MxR",]R) consists of 

germs which vanish at 0. 

We denote by V^r the vector space consists of infinitesimal reticular r-diffeomorphisms 
on ( J^(R X R", R), 0) which vanishes at and set V^ = V^r^ x V^rm ■ We have that by Lemma 
??: 

y/o = {(vi, Vm)\vi : ( J^(R X R", R), 0) ^ T{J\R x R", R)), 

= Xf. o d for some / G ^lq,,,p}, 

^^!7i(RxR",R) = {V^ X{J\R X R",R),0) \ v = Xh for some 

T'-fiver preserving function germ H e ^'ji(m.xR"-,r)}^ 

K° = {(a, ■ ■ ■ , CmMi e X{J\R X R^ R), 0), = for some 

gi G B^"^ n 9?^ji(MxR",R)}- 
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We define the homomorphism tC : 9?Iji(]RxM".r)^-^l tC{v) = (Ci*f i, . . . , Cm*Vm) 

and define the homomorphism wC : VL^ji(^^^^„ VIq by wCijj) = {jj o Ci, . . . ,1] o Cm)- 

We denote VIq the subspace of VIq consists of infinitesimal P-contact transformation 
germs of C whose Z-jets are 0: 

y/^ = {{v,, ...,vjevic\ Mo) = 0}. 

For C = (Ci, . . . , Cm) e Ct{U, J^{R x W, we define the continuous map j^C : 

U — > tC^{n, m) by x to the Z-jet of (Ci-r, . . . , Cmx)- 

Theorem 5.4 Let C — {Ci,...,Cm) be a reticular Legendrian unfolding. Let Ci be an 
extension of Ci and I > {n + 2)^. We set C — (Ci,...,C^). Then the followings are 

equivalent: 
(s) £ is stable. 

(t) JqC is transversal to UqCIO)]. 

(a') £t,,,pim) = Bl'x---x Bl- + o C, . . . ,p„ o C")(noC')*£,„. + {s o C')s, + mt^,,,,(^), 

w;/iere C" = C\^=s=o and El' = (gipi, . . . , g^.p^., g^.+i, . . . , gn)ft,,.p, 

(a) = X ■ ■ ■ X BS'" + o C", . . . ,p„ o C")(noC')*ft,,.. + o C')e„ 

(is) £ is infinitesimally stable, 

(hs) £ is homotopically stable, 

(u) ^ multi- generating family F of C is reticular t-{V-IC)(^m) -stable unfolding of F\t=o. 

Let C = (£i, . . . ,Cm) be a stable multi-reticular Legendrian unfolding. We say that £ 
is simple if there exists a representative C" e Ct{U, J^(U. x R"^,M))*^"') of a extension of £ 
such that {Cx\x E U} is covered by finite orbits [Ci], . . . , [Cm] for some multi- T'-contact 
diffeomorphism germs Ci, . . . , e Ct{U, J\R x W, R))M. 

Proposition 5.5 Lei £ = (£i,...,£m) &e a stable multi-reticular Legendrian unfolding. 
Then £ is simple if and only if all reticular Legendrian unfoldings Ci are simple for i — 
l,...,m. 

In order to classify generic multi-reticular Legendrian unfoldings, we classify stable multi- 
unfoldings F = (Fi, . . . , F„) (n < 2, m > 2) of / = (/i, . . . , fm) and /o = (/o,i, • • • , fo,m) 
satisfying the condition: the reticular (P-/C)(m_i)-codimension of (/i, . . . , fi, . . . , , fm) — 
for any i. 

Let a stable multi-unfoldings F = {Fi, . . . , Fm) (n < 2, m > 2) of / = (/i, . . . , fm) and 
/o = (/o,i; • • • ) fo,m) satisfying the condition be given. Then each Fj is a reticular t-V-JC- 
stable unfolding of fi, there exist monomials ipi^i, . . . , ipi^^^ e Tl{ri; ki) such that they consist 
a basis of Q/^ . = {fo,i,x^^, ^^)£{ri;ki) and ipi^i has the maximal degree, and ipi^^^ = 1. 
Then we have that /^i -|- • ■ • jim < n + 2. Since /Xj < n -|- 2 < 4, we have that all 

/o,i are simple singularities. Therefore /o is stably reticular /C(^) -equivalent to one of the 
multi-germs in the following list: 
n = 1; 

m^l] y^, y^, y'^, x'^, x'^, ±xy + y^, 
m = 2; {y^,y^), (y^y^), (y'^,x'^), 

= 3; {y^,y^,y^), 
n = 2; 
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m=l; y^, y\ y'\ ^/^ yl±yl, x^, x\ x^, ±xy + y^, xy + y'^, x'^ + y^, 

m = 2;(|/2,|/2), (2/2,1/3), {y^,y^), {y^,y^), {y^,x^), {y^,x^), {y^,±xy + y^), (x^x^), 

m = 3; (y^y^y2), 

"i = 4; y2 

We construct a reticular (P-Ar)(„)-versal unfolding for each multi-germ by the usual 
method. Then the corresponding hst is as follows: 
n — 1; 

(1) (|/^ + Ml,l,2/^ + M2,l) 

(2) {y^ + ui^i,y^ + U2,iy + 7x2,2) 

(3) + Mi,i,x2 + 'U2,ia:; + ^2,2) 

(4) (l/2 + Ml,l,2/2 + M2,l,2/^ + M3,l) 

n = 2; 

(6) (2/^ + Ml,l,2/^ + M2,l) 

(7) (?/2 + + ?i2,i?/ + ^^2,2) 

(8) (?/2 + Ui^i,y^ + M2,ll/^ + ^^2,21/ + ?^'2,3) 

(9) (2/3 + ui^iy + Mi,2, 2/^ + U2,iy + ^2,2) 

(10) (2/^ + wi,i,a;2 + M2,ia; + 'U2,2) 

(11) (2/2 + ^3 + U2,lX^ + U2,2X + 1*2,3) 

(12) (2/2 + Mi^i, ±xy + 2/^ + M2,i|/^ + W2,2|/ + 1*2,3) 

(13) (a;2 + ui^ix + ^1,2, a;^ + U2,ix + 1*2,2) 

(14) (2/' + Mi,i,2/' + «2,i,Z/' + M3,i) 

(15) (2/2 + y2 + U2,i, y3 + tig + uz^2) 

(16) (2/2 + 2/2 + 1*2,1, 3^2 + U^^iX + 1*3,2) 

(17) (2/2 + 1*1,1, + 1*2,1, + 1*3,1, + i*4,i)- 

In the case that the reticular (P-/C)(TO,)-codimension of / = 0, the F is stably reticular 
i-(7'-/C)(m)-equivalent to G = (Gi, . . . , G^), where Gi{x, y, t, q, z) = /o,i(x, 2/) +i*j,i</7i(x, y) + 

h Ui,ixi<Pi,ni {x,y)-ziori^l,...,m~l,Gm{x,y,t,q,z)^ fo,i{x, y) + i*m,i</'i {x,y)^ h 

2/)-z, and (gi, . . . , gn, 2;) = (1*1,1, • • • 

In the case that the reticular (P-/C)(m)-codimension of / = 1, F is stably reticular t-{V- 
/C)(TO,)-equivalent to {F[, . . . , F^)' where 

(1) -^1' = /o,i(a^, y) + + ^))</'i(2;, y) + iii,i</'2(x, y) • • • + 1/1,^,1 _i</7i,y^i (a;, y) - ^, 

(2) i^' = /o,i(a;, y) + i*i,i</7i(a;, y) H h i*i,^,(/?i,^,(x, 2/) - 2; for 1 < i < m, 

(3) = fo,mix,y) + Um,l(Pm,lix,y) H h Mm,Mm-lV'm,M,n-l(a^> y) " 

(4) (gi, . . . , g„, Z) = (l*i,i, . . . , Ml,^i-l, 1*2,1, • • • , 1*2,M2> • • • > 1*m,l, • • • , 1*m,Mm-n 1*1, • • • , 1*^' ^)' 

(5) ^(0) = for J = 1, . . . ,/ii - 1, If (0) = 0, and (^(0)),,=i^...,^ is non-dcgencratc. 
We denote the linear part of a by i; = i'2 + - ■ ■+Vm, where Vi depends only on i*i,i, . . . , Ui^^. 

Then we may reduce a to 

a = t± 1*2,1 ± • • • ± Um,l ± 1*1 ± • • • 1*2 . 

Then F is stably reticular i-(7'-/C)(^)-equivalent to one of the following hst: 
n — 1; 

m = 2; 

0(%%): (2/2 + g- ^,2/2-^); 

1(0^^1): {y^ + t±q'-z,y'-zy, 
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^(MiMs) : {y^ + t±q- z,y'^ + qy - z); 
^("Ai^Es) : {y"^ + t±q- z,x'^ + qx - z). 

m — 3; 

i(MiMiMi) : {y^ + t-z,y' + q-z,y'-q-z). 
n = 2; 
m = 2; 

rAi'A,): {y' + t±ql±ql-zy-z); 

0(^1%) : (?/ + t±q,- z,y^ + qiy-q2-zy, 

1 (M1M2) : + t ± ± g2 _ ^3 + _ ^) . 

1 : {y^ + t±qi-z,y^ + qiy^ + q2y-zy, 

1(^2^2) : (y^ + (t± qi)y + q2-z,y^ + q^y - z); 

\^Ai°B2) : {y^ + t±qi±q'l - z,x^ + q^x - z); 
^{^AiBs) : {y"^ + t±qi- z,x^ + qix^ + q2X - z); 
\^Ai^Cf) : {y'^ + t + qi-z, ±xy + y^ + qiy^ + q2y - z); 
i(°52°52) : (a;2 + {t ± qi)x + q2-z,x'^ + qix - z). 

m = 3; 

O(MiMiMi) : {y^ + q,-z,y^ + q2- z, y' - z); 

: {y' + t±q^± ql -z^ + q,- z, y" - z\ 

i(MiMiM2) : + t ± gi - y2 _ + gii/ + §2 - ^); 

1 (MiMi^Ea) : [y^ + t±qi- z,y^ - z, x^ + qix + q2-z). 

m = 4; 

\^Ai^Ai^Ai^Ai) : + t ± gi ± 52 - ^, y2 + _ y2 ^ 52 - z, y^ - z). 



Theorem 5.6 Let = or 1 for i = 1, . . . ,m and n < 2. Let U be a neighborhood of in 
JHRxW\R). Then there exists a residual setO C C|(f/, J^(MxM^\ such that for any 

C = (Ci, . . . , Cm) G O andx = {xi, . . . , Xm) G U^"^\ the multi-reticular Legendrian unfolding 
(C'lxi ) • • • ) Cmxrn ) ^-^ stable and have a multi- generating family which is stably reticular 
t-{V-lC)(^m)- equivalent for one of the types in the above list. 

Proof. Let Xi = {Xi^i, ■ ■ ■ , Xi^m) {i = ^, ■ ■ ■ ,s) be all simple singularities with Yl^=i ^-l^- 
codim Xij < n + 2, that is each Xij is one of simple singularities A,B,C. For i = 1, . . . , s let 
be 7'(^)-C-non-degenerate map germ which is unfolding of X^. We choose an extension 
CoXi and CiXi of multi-rcticular Legendrian unfoldings with multi-generating families Foxi 
and FiXi respectively. Let I > 16. We define that 

O' ^{C e C^{U, J\R X R", \foC is transversal to 

[ifaxM] for all i = 1, . . . , s and j = 0, 1}. 

Let XI = {Xi^i, . . . , Xi^m-i) = 1) • • • I s') be all simple singularities with Yl^=i '"-/C-codim 
Xij <n+l. We choose Cox'. e C^{U, J\R x M",M))(™-i) analogous way. Then we define 
that 

O" = {C e C^{U, J\R X R",M))(™) \{jIC,, . . .,jlic,, . . . ,jlCm) is 
transversal to [(i'C'ox^(O)] for alH = 1 • • • , s'}. 
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Then O' and O" are residual sets. We set 

Y = {fC{0) e tC\n, m) \ the codimension of \j^C{0)] >2n + 4}. 

Then Y is an algebraic set in tC\n,m). Therefore we can define that 

O'" = {C e C®([/, J^(M X M",K))("^) I j\^C is transversal to Y}. 

Then y has codimension > 2n + 4 because all P(m)-contact diffeomorphism germ with 
j'C(O) e Y adjoin to the above list which are simple. Therefore 

O'" = {C e C^{U, J\R X M",M))("^) I foCiU^"^^) n F = 0}. 

Then the set O — O' dO" (1 O'" has the required condition. q.e.d. 




Figure 4: "(^AiOEs) Figure 5: "(Mi^a) 
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